172

Age-sex specific EMS backcalculation model

1 . 1
Suwanee Surasiengsunk

1. Introduction

Backcalculation has been widely used to estimate past rate§ of IV
infection from the numbers of incident AIDS cases and knowledge of the distribution
of times between HIV infection and AIDS onset, called the incubation distribution.
The need for backcalculation in this context arises from the fact that HIV incidence is
not directly observable.

Backcalculation has heen used extensively in the literature and a number of
different approaches have been suggested. These range from methods utilizing various
degrees of parametric assumptions (e.g. Isham, 1989, Rosenberg & Gail, 1990,
Brookmeyer & Liao, 1990) to non-parametric approaches incorporating smoothing
(Becker et al., 1991 and Brookmeyer, 1991). Becker et al (1991) combined the EM
algorithm and a smoothing step, it is thus referred to as the EMS algorithm, and
applied in the AIDS context. The basic idca of adding a smoothing step to the EM
algorithm was originally suggested by Silverman ct al (1990) and Wilson (1989), in the
context of image reconstruction and other indirect estimation problems.

Here we adapt the method proposed by Becker et al (1991) for estimation
age-sex specific relative risk of HIV infection. This report describes only a general
model. Application to AIDS incidence data for Thai populaton will be presented in

greater detail in a future report.
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2. Meodel
We use a multiplicative model to represent the expected number of age-
sex-specific HIV infections and the EM-algorithm with smoothing, to estimate
HIV/AIDS age-sex-specitic infections in a backcalculation model.
We use the following notation:
Year = number of AIDS cases age ¢ sex g attime [, the
time of their diagnosis, Observed.

Nyee = number of individuals age @ sex g infected with HIV
at tune I . Unobserved
fst = the probability that an individual infected at time s

will develop AIDS by duration d .

Suppose that Ny, g=12;a=1..,4;,¢=1..,T are mutually independent

Poisson variates. The assumption that the incubation period of each individual infected

in year { isindependent leads to

¢
E(YngII{Ngal l---lNgaT]) =X Nq,a—Hx.xfx.t—x.
X

Pl

Whenever the age subscript of a quantity takes a nonpositive value, the quantity is

interpreted to be zero. Then taking expectations

¢
Haat = ZlVg,a—Hx,xfx,r—x, (1)
x=

where pgy = E(Yoq jand Voor = E(Ngg ).

Model Assumptions

Let us assume the N, to be independent Poisson variates. The dependence on age

and sex is incorporated via the multiplicative model

Vgaf =R pa ﬂgajf! (2)
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Where 1m,, is the proportion of individuals in the population who are of age a and

g
sex g. We consider that 7 g, are known from census tables. The 7z, allow Bga to
reflect the relative susceptibility of individuals of age a and sex g. The [Bg, are
estimated only for ages smaller than some large value, A, because the age specific

relative risk will be negligible for very old individuals, Thus we can sct ga” 0 for all

a> A

If we take the summation for all @ and g in equation (2) we will get

G 4 G A
2 I/ga! —'qr z Z "Tgaﬂga
g=la=1 g=la-1l

If we impose the constraint
G oA

L X agafga=1, (3)
g=la=1

then A, is the overall ITIV infection intensity without regard to age and sex, and its
estimate can be compared with estimates by backcalculation methods that do not use

age and sex as a covariate.

Parameter Estimation

Let T be the last year for which the AIDS count is considered reliable.
Due to the Poisson assumption on the N's the AIDS counts
V={Voa; g=12;a= L., A+1-11- 1., T} are mutually independent Poisson
variates. Since is potentially positive for a ¢ {1,..., A+7 -1}, the age subscript of the
AIDS counts takes values up to 4+¢ | Observing Y =y yields the likelihood

function

T G A+i-1 v

LBAY)=TITT T1 pgar e eu,
t=lg=1 a=l
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where g4 is given by (1) and (2). To estimate and we maximize the likelihood

L{ .4 y) with respect to these parameters subject to the constraint (3). By adapting

the EMS-algorithm of Silverman et al (1990) we obtain smooth estimated curves of

Boo and 4,

3. The Algorithm

The complete data are observations N gqy (d = 0,..., 7'~ ), the number of
individuals of age a sex g infected at time ¢ and having incubation peried of
duration d They include the infection time for all individuals who develop AIDS by
time 1
The log likclihood function for the “complete” data N gy = g g is

' G A T-t
log L 8 AN gana }) = 2L T s to#| 7 g Byga 21 St ) = 7 g B gl Fe |

(4)
E-step

This step involves replacing in (4) by r’igm = E(Ngatdly; ﬁogd,,lo"d). the conditional.

expectation of N gy given ¥ = y and parameter values (ﬁo“,ﬂdd).

Here

ﬁgaﬂgaitf:d

Toa+i—t ﬂg,aﬂ—rﬂiﬂ,ﬁd—i
(3)

Reatd = }_;'( Ngmdly; g, /1) =VYga+d t+d EH?
il

M-step
At this step we maximize log L(ﬁ,ﬂ{ﬁgmd }) with respect to f# and 4 subject to the

constraint (3). The method of Lagrange multipliers gives

*

Bea = fr;;riga“;r}gm (g=12,a=1,.., A), (6)
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oo.fof'F;‘,T—.!' (t = ]3'7'3?)1 (?)

where Fy oy y = Zg;;g)jkj and e in place of a subscript denotes summation over

that subscript.

S-step
The smoothing step is incorporated after each M-step. After smoothing,
k, .
Pea" = ‘EO Wi Bearj—tk, (8)
j:
k
2 $ wyd ) (©)
- j=0 ivi-gk,

The value of the k;.c determine the “window width” for the weighted
average, and should be an even integer. We must choose a value for 4; and the
weights wU',(i =12, j=0L....k; ) such that ZJ-WU- =1 Symmetric binomial

weights as used by Silveriman et al (1990) are one example that can be used for the

weights wij.

Convergence
For "< 1, A< A and small value of £] and &7 the iteration stops when both
DY IRy AR Ry F

2 - A 2!

< &1,

|Et];11;'few _ Zg";iﬂg)fd_
T

<£.‘2,

are first satisfied.
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